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A solution to the problem of the cooling of a uniformly heated spatial layer is given. It is 
assumed that the temperature inside the body follows the law of heat conduction while the 
surface radiates according to the Stefan-Boltzmann law. 

We consider a homogeneous body the temperature U(x, t) of which depends only on time t and one 

space coordinate x, the latter varying from 0 to 21. 

This function satisfies the equation of heat conduction: 

Oht 1 Ou k 
a ~ -- const, (1) 

ax ~ a ~ at c9 

where  k is the t h e r m a l  conductivity;  p is the density;  and e is the specif ic  heat of the given body.  If u(x, t) 
denotes the absolute  t e m p e r a t u r e  of the body and radia t ion is t r ansmi t t ed  into vacuum, then the t h e r m a l  
flux at the body sur face  

k Ou I Ox 
x=O 
X=2I 

accord ing  to the S t e fan -Bo l t zmnnn  law, will  be p ropor t iona l  to the fourth power  of the t empera t t t r e  : 

k" Ou [ = a [u (0, 01% (2) 
ax Ix=o 

- - k  au I = a [ u ( 2 l ,  t)p. (3) 

The init ial  t e m p e r a t u r e  dis t r ibut ion u{x, 0) inside the body is equal to T 0: 

u (x, t)[t=o = T~. (4) 

Since the init ial  values and the boundary  conditions a re  s y m m e t r i c a l  with r e spec t  to the point x = l, 

OUox ~=z =0"  (5) 

We denote the t e m p e r a t u r e  gradient  on the su r face  by v (t): 

v ( t )  - o u  (x, t) ~=o 
Ox 

We then must  solve Eq.  (1), the equation of heat conduction, wi ththe boundary conditions 

au ~=o = v(t), Ox 

Ou x=~= 0 
Ox 

(7) 
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and the ini t ia l  values (4). It now r e m a i n s  to de te rmine  v {t) so that condition (2) be sa t i s f ied .  F o r  this p u r -  
pose  we reduce  the heat -conduct ion equation (1) to a s i m p l e r  pa rabo l ic  equation by substi tut ing y = a2t: 

02u Ou 
- - 0 ,  

ax ~ oy 

Substituting ~ = a~T will r educe  the conjugate equaton to 

O~u Ou - - +  - - -  =0.  
0; 3 an 

Let us cons ider  function 

i 1 2 [ ( I ( x - - ~ - 2 ~  2nl)= + exp (l(x+-~--k2nl)a)[ 
F(r ~1; x, y ) =  V 9 - = ~  . . . .  exp 4 y 4 y - - n  ] J  

[ i 0 for g 2 - q ,  

t 
We now apply the Green  f o r m u l a  for  the heat -conduct ion opera to r  to functions u(L, ~/) and F (~, 7; x,  y + h) 
(h > 0), in tegra te  over  the contour  ABQP (Fig. 1), move to the l imit  h ~ 0, and use the Poisson  fo rmula  to 
obtain 

2 ]/'~u(x, g )=  uFd~ + F Ou . 2 _ u ~ ) d r  l+ F - - - - u - -  dq. 
a~ a~ . a~ a~ 

AB PA BQ 

Consider ing the ini t ial  and the boundary  condit ions,  while expanding function F (~, ~?; x, y) into a F o u r i e r  
s e r i e s :  

~o 

- -  �9 C O S  - -  F(~, n; x, g) 2 a -t- - - / - -  exp [ - - ~ -  ( g - - t  0 a cos l l 

and t r a n s f o r m i n g  back to  the or iginal  va r i ab les ,  we obtain the solution in the fo rm:  
t o0 

u(x; t ) = T  o ~ - J  y ~  ~ 4 a 2 ( t -  x) 
0 n = - - c m  

O < x < l ,  0 -< �9 -.< 6 

which is  convenient  for  ca lcula t ions  at  s m a l l  values of t .  F o r  calculat ions at l a rge  values of t we have the 
solution in the f o r m  

t = 

a2 a2n2a= " (t --~) o s - -  xd*. u(x, t) = T o - - 7 -  v (~) i + 2 I z - l 

0 n=l 

As has been  ment ioned a l r eady ,  

Ou ~ = o  = v ( t ) .  
Ox 

In o rde r  to sa t i s fy  condition (2), it is  n e c e s s a r y  that  function v (t) sa t i s fy  the re la t ion  

�9 :~ 7 Z  T exp 
n 2 l ~ ] }  4 (8) 

a 2 ( t  - -  ~) dr , 

which is  a nonl inear  in tegra l  equation in the function v (t). 

We take T o outside the b r a c k e t s ,  divide by a t e ,  and introduce new var iab les  z, ~ letting 

t=?~z,  x = ~ ,  
and a new function 
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Contour of integration.  
o, oo0 t 

k 
(z) = v (~z)  �9 ~-~6 ' 

where 

v = V ~  To k 
a gT 4 ' 

so that 

If we find ~o(z), then 

0 n = - - a ~  

(9) 

(0 = - - 7  ~ 

The nonlinear integral  equation (9) has a unique bounded solution [1, pp.461-469] on the interval  (0, zQ). 

Another aspect  of success ive  approximations is to be noted here .  If we consider  only those functions 
~o(z) and those intervals  0 --< ~ -< z for which 

z r162 

{' _9_ (~) exp d ~ <  1, 
.1 l / z - -  ~ a~v ~ (z - -  ~) 

then the success ive  approximations based  on the relat ion 
2 o0 

approach the solution to Eq.  (9) f rom different d i rect ions .  

Calculations yield the following resul t i  

~o (z) A 0, 

% (z) = l ,  

1~%- 
n2l ~ 

r (z) = [ 1 - -  2 V z - -  4 E ~ exp ( a~y~p 
n = l  0 

For  large values of z, the function ~o(z) is determined by the equation 

r  

0 n ~ l  

The t rend of these curves  is shown in F ig .2 ,  with 

a~v ~" (z - -  ~) 

dt ]4 , 

n~n2a~Yzl ~ (z - -  ~)))q0 (~) d ~ l ~ .  . 
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z =  and ~ =  . T o - -  " 
~2 a (rT4o 

If T o = 3000~ k = 0.006, I = 2 m,  a 2 --- 0.007 mZ/see,  and cr = 1.2 �9 10 -12 W/m 2 .deg 4, then 3' = 3.5 and one 
unit on the t ime axis is in our case  equal to 12 see .  

The method of solution outlined is applicable also to the case  where the body rece ives  a constant 
supply of heat f r om an ex te rna l  source  and its initial t empera tu re  remains  constant .  

u (x, t) 
To 
x 
t 
2l 
k 
O 

c 
a 
(7 
v (t) 

~(z),F(~, n;x,y) 
~, 77, z 
Y 
h 
T 
]2 

N O T A T I O N  

is 

is 

is 

IS 

i s  

is 

is 

Is 

is 

is 

the body t empera tu re ;  
the absolute t empera tu re ;  
the space coordinate;  
the t ime,  sec;  
the width of the spatial  l ayer ,  m; 
the the rma l  conductivity,  W/m �9 deg; 
the densi ty,  kg/mS; 
the specif ic  heat,  J / kg  .deg; 
the the rma l  diffusivity,  m2/sec;  
the S te fan -  Boltzmann constant ,  W/cm 2 �9 deg4; 

is the t empe ra tu r e  gradient  at the body surface;  
a re  functions; 
a re  var iables ;  
is a constant;  
in some number;  
is the var iable  of integration;  
is a natural  number .  

1, 
2. 

3. 
4. 

5. 

L I T E R A T U R E  C I T E D  

A. N. Tikhonov, Izv.  Almd. Nauk SSSR, Ser .  Geograf .  i Geofiz. ,  No. 39 461-479 (1937). 
A. N. Ti l th ,nov and A. A. Samarski i ,  Equations of Mathematical  Physics  [in Russian] ,  Gostekhizdat,  
Moscow (1953). 
G~ N. Polozhi i ,  Equations of Mathematical  Physics  [in Russian] ,  Vysshaya Shkola, Moscow (1964). 
A. A. Berezovsk i i ,  Nonlinear Boundary-Value Problems  Related to a The rma l ly  Radiating Body [in 
Russian] ,  Naukova Dumka, Kiev (1968). 
l~. S. Koshlyakov, Basic Differential  Equations of Mathematical  Physics  [in Russian],  ONTI, Lenin-  
g r a d -  Moscow (1936). 

1556 


